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Abstract-AC electric fields are known to induce a visible domain pattern in 
certain nematic liquid crystals. We have measured the focal length of the 
liquid crystal lens system responsible for this visibility. We have also 
measured the resistance change associated with this electrohydrodynamic 
mode. These results can be quantitatively interpreted in terms of the director's 
spatial distribution which is predicted by Helfrich's theory of conduction 
induced alignment. 

1. Introduction 

The effects of electric fields on liquid crystals have recently aroused 
considerable interest because of their applications in display devices(') 
and because of attempts to explain them by the current description 
of mesomorphic liquids. We have studied the Williams domain 

observed in p-azoxyanisole, a nematic liquid crystal. 
The basic effect consists of the appearance of bright domain lines in 
a liquid crystal to which a sufficient voltage has been applied. While 
these domain lines are quasi-stationary for voltages near threshold, 
several observations have shown that there is fluid rotation spatially 
coherent with the lineix(4-9) In  an earlier paper, we have demon- 
strated the focusing mechanism responsible for the visible domain 
lines.(6) Here we give a more detailed discussion of the focusing 
model and additional resistance measurements which support this 
model. The model is in close quantitative agreement with Helfrich's 
conduction-induced alignment theory.("J) A review of the early 
experiments using electric fields on nematic liquid crystals is given 
in an appendix. 

t Presented at  the Third International Liquid Crystal Conference in Berh .  
August 24-28, 1970. 
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142 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  CRYSTALS 

2. Experimental Procedure 
We have used the customary experimental configuration with the 

PAA contained in a parallel plate capacitor having a t  least one 
transparent electrode. Prior to assembly the electrodes were wiped 
vigorously along a single-direction to promote a uniform alignment 
of the order parameter S.(ll) An orthogonal coordinate system is 
defined by choosing the x axis along the rubbing direction. The z 
axis is defined by the direction of the sample thickness d which was 
fixed by Teflon spacers. The electric field was applied in the z 
direction by an audio frequency generator. In this coordinate rjystem 
the domain lines and the vortices are oriented parallel to the y 
direction. 

The FAA was purchased commercially and used without further 
purification. At 100 Hz and 130 "C, sample resistivities were in the 
105-106 Qm range, and the dielectric constant was approxima,tely 6. 
Large increases in effective capacitance and resistance a t  lower 
frequencies indicated the presence of considerable ionic conduction, 
probably due to impurities. The addition of ionic impurities did not 
change the basic features of the domain pattern. The optical experi- 
ments were performed with a Leitz polarizing microscope in the 
transmission mode. A Leitz hot stage maintained the temperature 
in the PAA liquid crystal phase, 116 to 136 "C. The sample resistance 
and capacitance were measured by a standard audio frequency 
bridge. The sample temperature during the impedance measurements 
was regulated to 0.1 "C by a proportional temperature controller. 

Figure 1 presents an idealized model which contains tho basic 
experimental observations. The figure shows a cross section of the 
capacitor ; the rubbing direction is horizontal ; the microscope ser- 
vice is below and the observer is above the sample. The severd stars 
indicate cross sections of the domain lines which run perpendicular 
to the page, the y direction. At voltages just above threshold we 
observe two sets of domain lines, both lying outside the liquid crystal. 
The positions of the lines are determined by making use of the limited 
depth o f f  CUB inherent in optical microscopes a t  high magnification. 
The lines above the sample midplane are in focus at (2, z )  = ([n 4]&, 
iV'(V)r), and the bottom lines at (x , z )  = ( 4 2 ,  - N ( V ) T ) ,  where n is 
an integer, r = 4 2  and A, is the threshold wavelength in the x 
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w /Domain Line 

-* *\Domain Line I-- :++ 
Fluid Streamlines + Domain Lines 

Figure 1.  Idealized experimental observations. The figure is a schematic 
drawing of a capacitor cross section. The z direction is defined by the rubbing 
used to promote the director alignment. The driving electric field is applied 
in the z direction. The origin of the coordinate system is at (0 ,  0 )  and the 
capacitor plates are a t  z = * d / 2 .  The streamlines inside the capacitor repre- 
sents the fluid vortex pattern obsorved by tracer particle motion. The 
vorticity is antiparallel adjacent cells. The stars above and below the sample 
represent cross sections of the Williams domain lines. Both sets of domain 
lines have a separation in the z direction of 4 / 2 .  The upper domain lines 
appear a t  z = N’(V)T,  the lower at  N(V)r .  The upper lines appear above the 
common flow pattern between the vortices. The lower domain lines appear 
below the centers of the vortices. 

direction. N and N’ are coefficients whose value is voltage depen- 
dent; this dependence will be described below. The model is 
idealized to the following extent. The height of the domain lines 
above regions of ascending flow tends to be less than the height of 
the lines above regions of descending flow. Thus N‘(V)r represents 
an average position of the top lines, and variations of up to 30% 
have been observed. To within experimental accuracy, all bottom 
lines lie a t  the distance N(V)r .  The spacing between the bottom 
lines is observed to  be Xt/2 to within experimental error. The 
spacing between the top lines is better described experimentally by 
rg+d)h,, (i -d)Xt ,  ( $ + A ) & ,  etc., where d -0.05. 

We find that the Williams domain pattern is accompanied by fluid 
rotation which is spatially correlated with the domain pattern. The 
roughly circular fluid motion is traced out by the motion of visible 
particles suspended in the liquid. Typical particle diameters are 
5pm and may be easily resolved at  x 100 magnification. The stream 
lines lie in the x-z plane as indicated in the figure. The vortex lines 
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I tl Relative Focal Length 
v s. 

A ppl ied Voltage 

8 0 Bottom Lines 
OTop Lines 

0 

3 
f / r  

0 

Estimated 
Saturation o o 0 $ +- for f/r 

I 

7 a 9 
V ( R M S )  

10 

Figure 2. The ordinate of the 
graph is the distance the domain line appears above (or below) tho sample 
midplane divided by half the sample thickness: f / r  = N' (or N ) .  The abscissa 
is the RMS voltage applied across the sample. The relative position of the 
top lines N'(V) are given by the circles. The relative positions of the bottom 
lines are given by squares. The general tendency is for the line positions to 
decrease from a large value at threshold (near 7V) to a saturation value equal 
to half the sample thickness. The line labelled " Estimated Saturai;ion " at 
f / r  = 0.8 is the value predicted on the assumption that the saturation angle 
for the drumhead model is 45' and using the experimental value rq := 1.8. 

Relative focal length vs. applied voltage. 

lie along the y direction and are antiparallel in adjacent vortices. 
The observed particle orbits have steady-state diameters of approxi- 
mately XJ2. Orbit periods at  threshold range from several seconds 
for d = 125 pm to fractions of a second for d = 38 pm. 

The observation of bright lines implies that light is being focused 
instead of scattered. The liquid crystal acts as a lattice of cylindrical 
lenses, producing real and virtual images of the microscope lamp 
source a t  voltage variable focal lengths f = N'(V)r or N(V)r  
respectively. 

The coefficients N' and N are measures of the position of the 
domain lines above and below the sample midplane in units of half the 
sample thickness r. They are approximately equal and depend on 
voltage. Figure 2 shows a plot of N' (circles) and N (squaws) as a 
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O R D E R  P A R A M E T E R  D I S T R I B U T I O N  145 

function of the RMS voltage applied. The ordinate in Fig. 2 is 
labeled f/r. Just above threshold, typical values of the relative 
positions are 5. There is a decrease with increasing voltage, satu- 
rating at  approximately unity a few volts above threshold. The 
somewhat different behavior of N’  and N with voltage is thought to 
be a real experimental effect, but the general similarity is the signifi- 
cant feature. As the voltage is raised further, the domain positions 
become increasingly dynamic in the x-y plane. It is this turbulence 

* 

4 s=  8,+ 8,cos q x c o s j z  c, 

- 
S Orientation + Domain Lines 

Figure 3. Drumhead Model for the Director s’. The figure shows the spatial 
variation of S which is consistent with the experimental measurements of 
focal length and resistance. The cross section of the capacitor is t o  be inter- 
preted aa identical to Fig. 1. The director is represented by small arrows and 
i s  drawn to fit the cos qx cos m / d  drumhead pattern. The origin of the 
coordinate system is at  the center of the center pattern. Comparison with 
Fig. 1 shows that the maximum tipping angle is a t  the canter of the vortex 
motion. Using the known indices of refraction of PAA, the focal length for 
this model is 0.4 r/B,a. 

which gave rise to the term dynamic scattering mode (DSM).(’) It 
is difficult to precisely determine the N and N’ values of these 
rapidly moving lines, but they definitely remain a t  approximately 
unity a t  higher voltages. I n  this paper we consider only the relatively 
stable Williams domain pattern. 

Since one of the most characteristic qualities of a liquid crystal is 
its birefringence, it might be expected that a spatial variation of S 
could produce focusing. Figure 3 illustrates a distribution of the 
director which is consistent with the experimental observations. 
The director is described by the formula = & cos 8 + JZ sin 8, where 
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146 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

8 is the angle s' makes the f axis. If 8 = 8, cos qx cos nz ld  and if 8, 
is small: 

(1) 
4 s = e", + eo cos qx C 0 5  Tz/a gz 

where e", and dZ are appropriate unit vectors, 8, is the amplitude of 
the distortion and q = 27r/X. The pattern specified by Ecl. (1) is 
shown in Fig. 3. The spatial variation of the z component of 3 is 
similar to the first mode of a rectangular drumhead and thus will be 
referred to  as the drumhead model. We now show that Eq. ( 1 )  
predicts the correct qualitative optical focusing. 

Since the spatial distribution of 8 has been assumed, the spatial 
distribution of the z component of the index of refraction can be 
found from the identity n, = n, cos2 8 + no sin2 8 where no (ordinary 
ray) and n, (extraordinary ray) are the indices of refraction per- 
pendicular and parallel t o  S respectively. Using Eq. (1) i t  follows 
that : 

n, = n, + (no - n,)8,2 cos2 qx cos2 nzld.  
This formula is valid only for light polarized in the x direction. For 
polarization in the y direction, there is no variation of the index of 
refraction from no. The optical path length is L = Jn,dz. It is 
straightforward to calculate the foca.1 lengths associated with such a 
distribution since L is a quadratic function of x near x = 0 or f d / 2 .  
This is just the dependence found for a thin lens, and so by analogy : 
- l/f = a2L/axa a t  x = 0 or + d / 2 .  Performing this integration and 
differentiation yields : 

(2) 
where the plus sign refers to x = f ht/4 and the minus sign to x = 0. 
Since no is less than fie,(12) the distribution in Eq. (1) predicts tho 
correct qualitative focusing. This can be seen by the following 
physical argument. At x = f At/4, the director is parallel to x 
everywhere and only n, will enter the formula for L. Since n, is a 
maximum, I, will be maximum; the focusing will be converging, 
producing a real image. By the same reasoning, the optical path 
will be shortest at x = 0, and a diverging lens will produce an 
imaginary image there. Finally since n, and no are known, and q 
can be measured, the data in Fig. 2 can be used to compute B0 as a 
function of applied voltage. This analysis will be presented after 
discussion of the resistance data. 

f = + [(n, - n0)8,2q2d]-1 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

8:
05

 2
3 

Fe
br

ua
ry

 2
01

3 



O R D E R  P A R A M E T E R  D I S T R I B U T I O N  147 

3. Resistance Measurement 

Since the application of an audio frequency electric field to a liquid 
crystal produces variations in the optical frequency electric suscepti- 
bility, it is natural to look for changes in the audio frequency 
susceptibility, i.e. the resistance and capacitance. Unfortunately the 
experiment seems to be practically limited to a two probe technique. 
The current probes are the capacitor plates. Separate voltage probes 
would require insertion of wires into the liquid. The fact that fluid 
flow is fundamental to the effect rules out such voltage probes 
because of their unknown effect on the fluid flow. It is conceivable 
that such leads would fundamentally alter the measurements. 
Consequently one is forced to measure the bulk impedances of the 
liquid crystal in series with the contact impedances at  the electrodes. 
In order to compare the impedance experiment with the drumhead 
model it is necessary to insure that contact impedances are small and 
not field sensitive. 

We have fotmd experimental evidence that suggests that electrode 
phenomena dominate the measured impedances of our material at  
very low frequencies. Typically for frequencies below 100 Hz, the 
resistance of the sample increases with increasing voltage. Increases 
of as much as 10% have been observed upon changing from 0 to 20 V 
at 100Hz. There is a definite dispersive character to both the 
resistance and the capacitance of the PAA sandwich cells. Generally, 
both the resistance and the capacitance increase with decreasing 
frequency. The DC resistance can be as much as a .factor of 10 larger 
than the resistance at  100 Hz. The low frequency capacitance can 
rise a similar order of magnitude. This behavior persists into the 
isotropic state. It is experimentally observed that for frequencies 
above 100 Hz where there is little or no dispersion, the resistance 
of the sample is voltage independent to the order of 1 yo from 0 to  5 V. 

There seems to  be no connection between this very low frequency, 
dispersive, non-ohmic behavior and the domain pattern. Since this 
paper is concerned with the domain question, we have chosen to work 
in the frequency range above 100 Hz where changes in the sample 
resistance can be directly correlated with the domains. It is ex- 
pedient to do this because the very low frequency effects probably 
involve electrode effects, usually a very diiEcult problem. Flectro- 
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148 MOLECULAR CRYBTALS A N D  L I Q U I D  CRYSTALS 

chemical polarization due to charge transfer and mass tranefer are 
well known and are traditionally eliminated by working at  sufficiently 
high frequencies (1 kHz-10 kHz). Electrophoresis could also have 
an effect at low frequencies. While these effects seem to be a reason- 
able explanation on cursory examination, we do not intend to rule 
out other explanations. Certainly these effects should be considered, 
however, in analysis of a DC or very low frequency impedance 
experiments. 

There is another frequency dependence associated with the ex- 
periment, and it can be directly correlated with the domain pattern. 
There is an upper frequency limit on domain formation, typically 
10 kHz. For larger frequencies, the threshold voltage increases 
rapidly with frequency. The functional form resembles exp [ fSxRC] 
where C is the capacitance and R the resistance. This frequency 
dependence of the threshold voltage suggests that the mechanism 
responsible for the domains depends on space charge. The frequency 
of the driving voltage must remain below the space charge relaxation 
frequency 1/2~rRC in order for the domain effect to be non-dispersive. 
It should be noted that we have not observed the chevron pattern,(9) 
possibly because of the high conductivity of our samples. 

The sample impedance was measured using a standard audio 
frequency bridge. The output of the bridge was phase sensitively 
detected and plotted as a function of the voltage which the bridge 
circuit produced across the sample. A typical plot of experimental 
data is shown in Fig. 4 for the bridge output in phase with the drive 
current. Basic circuit analysis shows that this output voltage is 
V ARIR, where R is the sample resistance and AR is the change in 
resistance. While Fig. 4 represents a convenient method for data 
accumulation, it does not lend itself to easy interpretation. The 
difficulty is that V, the independent variable, is changing on hoth the 
ordinate and the abscissa. TO obtain ARIR, the ordinate must be 
divided by V. This fact must be kept firmly in mind when inter- 
preting the two regions of Fig. 4. Since the bridge output is zero 
below 5 V, the resistance is independent of voltage, indicating Ohmic 
conduction. At threshold the bridge output abruptly begins to 
change, indicating a decrease in the sample resistance. The linear 
region above 5 V indicates that the resistance saturates at  a 10% 
lower value a few volts above threshold. Similar resistance changes 
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O R D E R  P A R A M E T E R  D I S T R I B U T I O N  

Bridqs Unbolance 

PA A 
130 .C 
I L H Z  

5 0 ~  Thick  

\ -  

14.9 

> 

% R 

1.5 V 

Figure 4. Resistance and Scattering Measurements. The figure presents the 
output of an audio frequency bridge as a function of the RMS voltage applied at 
lk Hz. The bridge output is proportional to V d R/R. The graph is constant 
below threshold, indicating ohmic conduction in the bulk liquid crystal. 
Near threshold the bridge output changes, indicating a decrease in sample 
resistance. Reduction of this experimental data indicates that the resistance 
decrease saturates so that the net change is a 10% decrease in resistance a few 
volts above threshold. To within the accuracy of the measurement, no 
capacitive change was seen. The figure also shows a measurement of the light 
transmitted through the liquid crystal, reflected off a mirror electrode and 
passed back through the sample. The transmission decreases sharply a t  
threshold, as f i s t  noted by Williams. 

have been observed by others.(l3,'4,15) Within the experimental 
uncertainty of I%,  we could not definitely identify a change in the 
capacitance. 

Also plotted in Fig. 4 is the light transmitted through the cell and 
reflected off an aluminum mirror back through the It can be 
seen that the resistance change begins in the same voltage region 
where the optical properties change. 

These resistance changes can be interpreted in terms of the drum- 
head model for the order parameter shown in Fig. 3. The argument 
proceeds in a manner similar to the focal length calculation. The 
resistivity component in the z direction is p z  = p L  C O S ~  8 + p sin2 8 
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150 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

where pL and p I, are the resistivities perpendicular and parallel to the 
director. Using the distribution given by Eq. ( I ) ,  

= + ( p  ,I - I)e,2 cos2 qx cos2 +, 

in the approximation 8, < n. The resistivity may then be srreragetl 
in the x and z directions giving : 

where p z  is the average resistivity and R, is the zero field resistaricc. 
Since for PAA p ,I = (2/3)pL,("3) the drumhead model predicts that the 
resistance of the sample must decrease as 8, becomes finite above 
threshold. Just such behavior is depicted in Fig. 4. That the drum- 
head model predicts such a result is obvious when one remembers 
that 8, = 0 means the director everywhere parallel to the capacitor 
plate. Since the resistivity perpendicular to the molecule is i~ maxi- 
mum, any tipping of the director out of the x direction will produce a 
lower resistance. Note that the predicted change is independent of 
the pattern wavelength A. 

Equation (3) can be used to compute the tipping amplitude 8, as il 
function of voltage from the resistance data. This is shown in Fig. 5, 
along with similar but independent data from the focal length 
measurements. The tipping amplitude rises steeply to  about 20" 
at half a volt above threshold and exhibits saturation at  higher 
voltages. This general behavior is shown for three independent 
measurements, the resistance change, the focal length of the virtual 
image and the focal length of the real image. The agreement a t  
higher voltages is only fair, but the general variations of focal lengths 
and resistance with field can be simultaneously explained by the 
drumhead model. The real and imaginary focal lengths do not yield 
the same tipping angle for the same voltage. This may have some- 
thing to do with the fact that the real focal length involve$; liquid 
moving predominantly at the outside of the vortex. The liquid 
more to  the center of the vortex produces the imaginary image. 
Surface and/or gravitational effects could produce differences. The 
fact that a capacitance change was not observed is consistent with 
this model since the anisotropy of E is small el/€ ,, = 1.04. While i t  
is clear that 8, saturates a t  higher voltages, the true saturation value 
is not readily apparent from Fig. 6.  The data has been computed 
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Dis tor t ion  Amplitude ( 8,) vs. Normalized Voltage 

A 0 
0 - 0 

P 
A. 0 .o P 

A,O Focal Length 
Resistance 

- 
8.0 

0 m I I I 
5 6 7 a 9 

V X t / 2 d  ( V o l t s  R M S )  

Figure 5 .  Distortion amplitude vs. normalized voltage. The distortion 
amplitude 8, has been calculated on the basis of the drumhead model from 
rasistance and focal length data. The resistance data points are the closed 
circles. The imaginary focal lengths yield the angles plotted as squares. The 
real focal lengths implied the data in triangles. The general pattern from all 
three measurements is for 8, to increase sharply from its value of zero at 
threshold. 8, saturates a t  higher voltages at a value between 30 and 40". It 
should be remembered that the figure was plotted from data reduced using a 
small angle approximation for 8,. Thus the figure presents a consistent 
underestimate of' the true distortion amplitude at higher voltages. 

using the approximation sin 8, = 8, which slightly overestimates 
sin 0, at  8,-45O (for sin 8, = 0.7 radians, 8, = 0.8 radians = 45"). 
Thus the saturation angle is larger than the values shown in Fig. 5 .  
It is possible to improve the estimate of the saturation angle by 
replacing 8,2 in Eq. (2) by sin2 8,. Using 8, = 45", one predicts a 
saturation focal length of 0.8r which is within experimental error of 
the measured value of 1.Or (see Fig. 2) .  Thus the measured satura- 
tion value of 8, is in the neighborhood of 45'. 

4. Threshold Voltage and Blocking Electrodes 
It has been reported earlier that the threshold voltage V, for 

domain formation is insensitive to t h i ~ k n e s s . @ . l ~ * ~ ~ )  This feature is 
shown in Fig. 6, a log-log plot of V, vs d. Clearly there is no large 
variation of V, with d. The uncertainty a t  l O O O p  is indicative of a 
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Figure 6. Threshold voltage vs. sample thickness. A log-log plot o f  threshold 
voltage vs. sample thickness is presented. It can be seen that V, is not sensitive 
to  d and lies close to the 7 V RMS magnitude. The large error bar a t  100Op 
indicates a very gradual turn-on of the pattern and a consequont uncertainty 
in the measurement for thick samples. 

very gradual turn of the domain formation, making the determina- 
tion of V, difficult. We have found that the normalized voltage 
VtX,/2d is even less sample dependent, having a value of 5.5  k 0 .2  V 
RMS at  130 "C for a limited number of samples.(7) Deliberate doping 
of the samples with sufficient N(CH,),Cl and NaI to raise the 
conductivity an order of magnitude produced no noticeable change 
in V,. 

It is possible to observe the domain pattern using purely capacitive 
coupling. Thin sheets of mica over both electrodes were used to 
isolate the liquid crystal from sources of real charge. Th'e sample 
still exhibited strong optical effects under AC excitation. The net 
voltage across the liquid a t  threshold remained in the 5-7 V range 
even with the mica sheets. 

5. Theory 

motion does not appear to  be a dielectric interaction. 
The basic coupling mechanism between the electric field and fluid 

For PAA 
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> ell where is the dielectric constant perpendicular to the 
director and E ,, is the parallel component.(l7) Such an  anisotropy 
should reinforce the tendency of the director to remain in the x-y 
plane of the capacitor and could not by itself lead to fluid motion. 
On the other hand, any net charge per unit volume, Z, will couple to  
the electric field E with the body force ZE which may in turn cause 
fluid motion. There are two competing theories for the origin of the 
space charge Z, and we here review them briefly. 

Recently there has been active interest in the space charge limited 
(S.C.L.) conduction in liquids as a mechanism for producing fluid 
motion.('*) The problem is formulated by consideration of unipolar 
current injection J into an insulator characterized by a mobility p 
and dielectric constant E. Solution of Poisson's equation, under the 
assumption of no fluid motion, gives Z = ( E E ~ J / ~ ~ ) ' / ~ ( Z  + T ) - ' ' ~  where 
the current is being injected in the x direction as indicated by Fig. I ; 
E ,  is the permittivity of free space. Rationalized MKS units are used 
throughout. The resultant electric field distribution is : 

E ,  = [ ~ J ( z  + T ) / ~ L E E , ] ' / ~ .  (4) 

Such a space charge distribution has the possibility for instability if 
the medium is a liquid. Using standard hydrodynamic theory with 
electrostatic coupling, Schneider and NTatson(lD) have shown that a 
hydrodynamic instability is to be expected at  a voltage V, : 

While the calculation required numerical solution, V, can be derived 
from the physically sensible comparison of the electrostatic force 
with the viscous force. When this electrohydrodynamic Reynold's 
number reaches the typical value of 100, some fluid flow instability 
is to be expected. Equation ( 5 )  is the result of just  such a physical 
model. Watson, Schneider and Ti11(Z0) have shown quantitative agree- 
ment between Eq. (5) and experiments on a silicone fluid. Clearly this 
mechanism requires none of the anisotropic properties of the liquid 
crystal phase. A straightforward estimate of V, to compare this 
mechanism with the threshold voltage for domain formation in PAA 
requires a knowledge of p and 7. An average viscosity for PAA is 
5 x lo+ kg/ms. The ion mobility is calculated from our experiments 
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from the assumption that the ion velocity is the same as tihe fluid 
velocity, which is probably an underestimate.(l8) The fluid velocity a t  
a voltage of six volts was computed from the 4 second traverse time 
for a piece of dust in a 50p sample. The consequent mobility is 
1.2 x 10-0 mZ/Vs. An estimate of V, is 12 V. Thus the turn-on 
voltage for the injected space charge mechanism is close to the 
observed threshold voltage. Several other experimental details 
make the mechanism seem unlikely in the AC driven liquid crystal 
phase. 

The first problem with the unipolar space charge injection 
mechanism is that a t  AC there is no evidence for the non-ohmic 
I-V characteristic predicted by Eq. (4). Our experiments have 
shown that below threshold the liquid crystal conduction ia ohmic 
and that well above threshold the sample is again ohmic but with it 
loo/, smaller resistance. Strong evidence for the lack of a SCL 
current in our samples arises from the consideration of the assumption 
made in deriving Eq. (4) that the medium was originally insulating. 
Our samples have a definite ohmic conduction, presumably by 
impurity ions of a density ni. The resistivity associated with these 
ions is (n,ep)-l. The resistivity associated with Eq. (4) is E / J  = 

2 d / E p ~ ~ , .  Clearly the SCL limited current will dominate the ohmic 
current when the ratio of the ohmic to the SCL resistivity becomes 
greater than unity. This reasoning yields an estimate for the 
voltage a t  which a changeover is expected :(zz) 

Note that this is the voltage which would be produced by completely 
sweeping n, positive ions to one electrode and ni negative ions to the 
other electrode. 

I n  order to estimate VscL, an estimate of ni is necessary. Since p = 

(niep)-',  p-106J2 m and p-1.2 x 10-0 m2/Vs, ni can be estimated 
to be loz2 carriers/m3 (1016 carriers/cm3). Another estimate of n, 
can be obtained from the relaxation frequency of the electrochemical 
polarization. If we assume that this relaxation frequency is diffusion 
limited and use the known diffusion coefficient of 10-0 m2/s,(23) a 
carrier density of 10z4m-3(10C18 is obtained. Using the 
more conservative estimate of 10aa and a 50p sample thickness, one 
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estimates VscL = lo5 V. I n  the experimental voltage range of 
0-100 V, one therefore expects that the current is primarily deter- 
mined by ohmic conduction. Another argument against the SCL 
mechanism is that the associated relaxation time should be the order 
of magnitude of the time for a carrier to cross the sample : 7-seconds. 
This is much longer than the observed relaxation times: 7 = RC- 
milliseconds. Finally, the SCL mechanism only predicts a fluid 
motion ; a focusing mechanism has yet to be described. 

These estimates demonstrate that SCL currents are not responsible 
for the fluid motion under the experimental conditions reported here, 
i.e. AC driving fields in the liquid crystal phase. At DC, however, 
there is the possibility of polarization of the impurity carriers. We 
have already demonstrated that such polarization is important 
below 100 Hz. Since the impurity ions are gathered at the electrodes, 
the bulk ohmic resistivity is increased, The estimate of VscL would 
then decrease, perhaps enough for the SCL mechanism to become 
important. That this may be the case has been shown by the 
observation of fluid motion in the isotropic phase.(8) Also the 
observed optical patterns in the liquid crystal phase seem to be 
different from AC") and DC(6) driving voltages. 

Carr(24) has proposed a second mechanism for the generation of 
space charge which involves impurity ions and the anisotropic 
conductivity of t,he liquid crystal phase. Helfrich('O) constructed a 
theory based on these factors and showed that they can lead to an 
electrohydrodynamic instability at a threshold voltage. Once again 
the details of the theory are quite involved, but the basic; physical 
ideas are straightforward. The technique is to consider the stability 
of a periodic fluctuation in the director of the form - s = e^,+e^,0, cos qx (7) 

Liquid crystals are known t o  have an anisotropic conductivity, u ,, > 
ul.(ll) Since the conductivity is anisotropic and the model director 
is generally not parallel tc, e",, the first application of an electric field 
in the z direction will lead to currents in both the z and the x direc- 
tions. Since there is no source of current in the x direction, an electric 
fieId Ex must build up to oppose this current. It will have the form 

( u ,, - al) sin 28 E , 
Ex(z) = - c% 0,, cos qx E,. 

2(u,, cos2 6 + a,ysin2 e )  +, 
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The origin of this field is similar to the origin of the Hall voltsage with 
the exception that the anisotropy in the conductivity tensor is 
intrinsic to the liquid crystal and not produced by a magnetic field. 
The transverse field will be produced by space charge C = Eq,(aE,/ax) 
which is constant in sheets perpendicular to the x axis. The space 
charge will interact with the applied field to produce an electrostatic 
force ZE,. The electrostatic force is opposed by a viscous force. 
The steady state shear av,/ax is such that 

where v, is the z component of the velocity and eelf and qeti are the 
appropriate components of the dielectric constant and viscosity 
tensors respectively. Note that the shear is maximum w’here the 
director’s tipping ou t  of the x direction was assumed to be maximum. 
It is well known that shear can orient the director, in this case 
toward the z axis.(’“) Thus there is a torque to twist the director to 
a larger amplitude distortion, producing more space charge. The 
possibility for instability is apparent. Helfrich has calculated 
that there will be a threshold voltage associated with this instability 
V, = V, 2d/A,. V, is a voltage which is characteristic of the 
medium : 

where k3, is the “ bend ” elastic constant in the continuum theory of 
liquid crystals and K ,  is the constant giving the torque produced by 
a given amount of shear. Values for these constants for PAA can 
be found in the literature.(l“) Since the anisotropy of the con- 
ductivity is known only approximately, the best possible theoretical 
value for V, is 6 & 1 V. 

Helfrich’s theory makes no definite prediction about A,  and so it 
is not a priori possible to predict V,. Experimentally it is found that 
&/2d-0.7. Figures 1 and 3 were drawn for square cells, .4/2d = 1 
and for this particular case V, = V,. Thus both Vt and A, are neccs- 
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sary to compare the experiment with Helfrich's theory. I n  order to 
predict At a more complete boundary value analysis needs to be 
performed. The prediction for V, is not temperature sensitive since 
q1 and K ,  both vary as (T)l la;  k,, and (u, ,  - uL)/u, ,  both decrease 
with increasing temperature. 

The trial function for S used by Helfrich, Eq. (7), does not allow 
for boundary conditions S = e", a t  x = * d / 2 .  The drumhead distri- 
bution of Eq. (1) is a straightforward extension of Helfrich's original 
assumption, Eq. (7) .  The basic equations in Helfrich's theory are 
altered only by a small amount of splay restoring force, measured 
by kl l .  We now show that this 
slight extension of the theory is in one to one correspondence with the 
experimental results. (1) The predicted characteristic voltage of 
5 * 1 V is in quantitative agreement with the normalized experi- 
mental threshold voltage of 5.5 f 0.2 V. Neither the experimental 
or theoretical voltages are temperature sensitive. (2) The domain 
pattern should be visible only for light polarized parallel to  the x 
direction since the instability is predicted to take place only in the 
x-z plane. This has also been (3) The regions 
of maximum tipping angle are predicted to be areas of maximum 
shear; as can be seen by comparing Eqs. (7) and (8). This is the 
experimental observation as can be seen from a comparison of Figs. 1 
and 3. (4) The characteristic frequency in this model should be the 
space charge relaxation frequency. The torque produced by the 
electrostatic interaction is independent of the direction of E,. The 
model does not require the relatively long times for build-up of a 
SCL distribution of Eq. (4). The (RC)-' relaxation frequency has 
been observed. ( 5 )  The relative insensitivity of V, to the sample 
conductivity can be understood by reference to Eq. (9). The con- 
ductivity enters the equation as a ratio uJu Thus the anisotropy 
of the conductivity is the important quantity, not the carrier density. 
Since the anisotropy of the conductivity is a property of the liquid 
crystal, the experiment does not depend on the details of the im- 
purity ion conduction. I n  fact the domain experiment has nothing 
to contribute concerning the nature of the conduction. (6) The space 
charge generation arises in this model from a separation of intrinsic 
ionic charges and does not require injection. Thus the mechanism 
will work with purely capacitive coupling, which is the experimental 

4 

The conclusions are unaffected. 
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observation. (7 )  The model does not necessarily rule out fluid motion 
in the isotropic phase. = el, Eq. (9 )  shows 
that VC2 is proportional to kS3 u l , / ( ~ ,  - uL). As the temperature rises 
to  the nematic-isotropic transition in zero electric field, both the 
numerator and the denominator go to  zero. The resultant value is 
undetermined. It is also known that an electric field can induce order 
in the isotropic phase.(27) Thus k,, and (all - U J / ~ , ~  may not be zero 
in the isotropic phase in an electric field. More work will be necessary 
to determine what is to be expected from Helfrich’s modol in the 
isotropic phase having electric field induced order. 

The electric field induced domain patterns in nematic liquid 
crystals bear a certain resemblance to the heat convection patterns 
of Bdnard. c28) Rough estimates of the physical parameters predict 
that  a thermal convection instability would be possible only for 
thicknesses greater than 1 mm. Indeed the Bdnard instability has 
been observed by Naggiarc29) with samples of this thickness. Naggiar 
also observed the electric field induced patterns, thus cle.arly dis- 
tinguishing between the thermal and space charge mechanisms. For 
the experiments described here, thermal instability cannot play a 
significant role. 

If one assumes that 

6. Conclusion 

We believe that the excellent agreement between the experiments 
with the AC driven domains and Helfrich’s theory constitut’e a proof 
of the conduction induced torque mechanism. While a unipolar 
space charge injection mechanism may have a role in the DC fluid 
motion in both the liquid crystal and isotropic phases, it :has been 
shown that this mechanism cannot be dominant in AC driven samples 
of moderate conductivity. Unfortunately the DC experiments and 
theories are much more difficult to interpret due to the complicated 
problem of charge transfer a t  the liquid-solid interfaces. It is 
encouraging, however, to be able to understand the electrohyclro- 
dynamic mode which is unique to the liquid crystal phase. 
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Appendix: A Brief Historical Review 

Current work is beginning to clear up a long standing problem in 
liquid crystals : the influence of electric fields in nematics. During 
the 1920s and 309, considerable work was done in this area. People 
were interested in electric susceptibilities (dielectric constants) in 
order to determine the molecular orientation. Unfortunately the 
early results were often contradictory. In his book, Gray writes, 
" The general position of the literature in relation to the direction 
of the long molecular axis is, however, extremely confusing. A great 
deal of work has been carried out by different authors, and the con- 
clusions are frequently conflicting ".(30) Some of the workers were 
F~iedel , (~l)  Zocher and Birstein, (313 Ornstein and Kast, (33) Frederiks 
and T z ~ e t k o v , ( ~ ~ )  Herman, Krunmacher and M a ~ , ( ~ 5 )  and Naggiar.(2B) 
Generally their experiments were designed to measure the orientation 
of the molecules as a result of a dielectric interaction. As several 
authors have shown recently, the response of the liquid crystal to 
electric fields is due to electric current and mass flow. In  fact several 
early authors speculated that a current induced hydrodynamic 
phenomenon was involved, Frederiks and Zolina(*) actually ob- 
served that dust was set in motion above a certain electric field. It 
appears, however, that no one was sufficiently interested in the 
problem to carry through the necessary theoretical analysis. A 
second reason for the early confusion about the problem is that 
transparent electrodes were not generally available in the 1930s. 
Thus the early experiments were performed in geometries that did 
not lend themselves to interpretation, and that did not yield the 
striking optical switching phenomena. It seems to be clear from the 
literature, however, that optical patterns have been identified as 
being induced by electric fields in the early 1930s. 
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